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Abstract. We compute the behaviour of Hodge data by tensor product with 
a unitary rank-one local system and middle convolution by a Kummer unitary 
rank-one local system for an irreducible variation of polarized complex Hodge 
structure on a punctured complex affine line. 
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Introduction 

Given an irreducible local system on a punctured projective line (over the field of 
complex numbers), the Katz algorithm [14] provides a criterion for testing whether 
this local system is physically rigid: this algorithm should terminate with a rank- 
one local system (cf. 91.50 . This procedure is a successive application of tensor 
product with a rank-one local system and middle convolution with a Kummer local 
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system. If the local monodromies of the rigid local system we start with have ab- 
solute value equal to one, then so do the eigenvalues of the terminal rank-one local 
system, which is then a unitary local system. Going the other direction in the algo- 
rithm, we conclude that the original local system underlies a variation of polarized 
complex Hodge structure (see also Theorem 12.4.11 due to C. Simpson for a more 
general argument). According to a general result of Deligne [5] (cf. Prop. l2~4~2"]) . 
any irreducible local system underlies at most one such variation, up to a shift of 
the filtration. 

Our purpose in this article is to complement the Katz algorithm with the be- 
haviour of various Hodge numerical data, when they are present, in order to be able 
to compute these Hodge data after each step of the algorithm. There are data of a 
local nature (Hodge numbers of the variation, Hodge numbers of vanishing cycles) 
and of a global nature (degrees of some Hodge bundles), and this set of data is 
enough to compute the same set of data after each step of the algorithm. One of 
the main tools is a general Thom-Sebastiani formula due to M. Saito [25] . 

As an application we compute the length of the Hodge filtration and the degree 
of the Hodge bundles of some local systems with C?2-monodromy. A restricted set 
of possible lengths may be obtained from [12l Chap. IV] and, on a given example, 
the actual length may be deduced by eliminating various possibilities, as in P21 §9], 
which treats an example of [7J. Here we do not use this a priori knowledge. 

On the one hand, by a direct application of the Katz algorithm with Hodge 
data, we compute the Hodge data of a physically rigid G2-local system Sf on 
P 1 \ {xi,X2,xs,X4} whose existence is proved in [Jj Th. 1.3.2]. We find a Hodge 
filtration of length three, which is the minimal possible length for an irreducible 
local system with G2-monodromy. 

On the other hand, we compute the Hodge data for one of the orthogonally rigid 
local systems with G2-monodromy classified in [5]. Since this local system is not 
physically rigid, we cannot directly apply our formulas, as in the previous case, and 
a supplementary computation is needed. The result is that the Hodge filtration 
has maximal length, equal to the rank (seven) of the local system. By applying a 
recent result of Cadoret-Tamagawa [5] and a standard comparison theorem, we are 
able to produce potentially automorphic representations Gal(Q/Q) — > GI^tQ^) for 
each prime number t. 

1. Preliminary results 

We review here various results on Fourier transform and middle convolution 
for holonomic modules on the affine line. These results exist in the literature, 
but are usually not directly proved for holonomic modules, but for £-adic sheaves 
([14]). or assume a regular singularity condition. We give here a self-contained 
presentation for holonomic modules, which relies on various references ([17], [I], a 
letter of Deligne to Katz, dated October 2006, [H], DP)- 

1.1. Local data of a holonomic ^(A 1 )-module. Let M be a holonomic C[t](dt)- 
module and denote by x = {xi, . . . , x r } C A 1 the finite set of its singular points at 
finite distance. We will also consider x r+ \ = oo as a singular point of M. Let Xi be 
a singular point and let x be a local coordinate at Xj (e.g. , x = t — a;< if i = 1, . . . , r 
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and x = 1/t if i = r + 1). We set 




C[x]® C [t]Af ift=l,...,r, 
C((x)) ® c[t] M ifi = r + l. 



These are holonomic CJa;] (c^-modules. Let h(M) — dimC(i) <8>c[t] M denote the 
generic rank of M and h xt (M) — dimC((a;)) ®c[t] M denote the generic rank M Xi . 
We have h Xi (M) = h(M) for each i = 1, . . . , r + 1. 

The Levelt-Turrittin decomposition. Let us introduce the elementary modules 
El(y>, (R v , V)), which are the finite dimensional C((x))-vector spaces with connec- 
tion obtained as follows: 

. tp G C((xp))/Clx P l is nonzero (and its pole order is denoted by q(tp) G N*), 
where x p is a new variable, and if we regard p p = x? as a ramified covering 
x p i y x = of the formal disc, </? cannot be defined on a proper sub- 
ramified covering of p p (so the ramification order p is denoted p(tp)); 
. (R v , V) is a finite dimensional C((a; p ))-vector space with a regular connec- 
tion V; 

• El(</3, (R v , V)) is the push- forward (in the sense of vector spaces with mero- 
morphic connection) of the twisted module (Rip, V + dtp) by p p Up)- 
The following is known as the Levelt-Turrittin theorem (cf. [TT[ p. 51], see also |18|). 
. Each M Xi decomposes as M™ s © M 1 ™ . 

. Each M" r is a finite dimensional C((a;))-vector space with connection, which 
decomposes as a direct sum of elementary modules E\(tp, (R v , V)) where tp 
and (R V ,^I) are as above; moreover, the decomposition is unique if wc 
impose that, for tp ^ r\ with p(tp) = p(rf) = p such that R^^R^ ^ 0, there 
exists no £ with ( p — 1 and r)(x p ) = tp((x p ). The slope of El(y?) ® is 
q(tp)/p(tp). The set oitp^Q such that i?^ ^ is denoted by \ {0}. 
On the other hand, a C((x))-vector space with regular connection (R, V) is canon- 
ically equipped with a decreasing filtration V a (resp. V >a ) indexed by a £ I. 
where V a is the free CJxJ-module on which the residue of V has eigenvalues a with 
real part in [a, a + 1) (resp. (a, a+1]). The a-eigenspace of the residue on y a /y a+1 
is denoted by ip\(R), with A = exp(— 2iria), and the corresponding nilpotent part 
of the residue is denoted by N. Giving (R, V) is then equivalent to giving the finite 
family of C- vector spaces ip\(R) (A G C*), called the moderate nearby cycle spaces, 
equipped with a nilpotent endomorphism N. 

Then M™ 1 is completely determined by the finite family (tp, ip\(R V) V),NJ 
(tp G $i \ {0}, A G C*), that we also denoteQ by (t/£ )A (M),N). 

Considering the regular part M™ g , we now denote by Up®. A (M),N) (i.e., = 
and p(0) — 1, g(0) = 0) the corresponding nearby cycle space with nilpotent oper- 
ator, and we conclude that C((x)) ®cm M Xt is completely determined by the finite 
family (tp, tp Xi \(M), N) (tp G A G C*), that we simply denote by >A (M),N). 
As a consequence, is completely determined by (ip Xr+1 \{M), NJ ^ AeC 

At finite distance, (f/ 1 ^. ^ (M) , N) £$ , A£C » only determines C((x)) <8>c[x] a pri- 
ori. However, if we assume that M is a minimal (or intermediate) extension at Xi, 

^The notation ipf_ <p^_ \(M), where we indicate the function which vanishes at Xi, 

would be more appropriate and is the standard notation. Since the coordinate t is fixed, we will 
use the shortcuts X (M) and X (M). 
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that is, has neither a sub nor a quotient module supported at Xi, then the family 
(ipxi,\{M), N)^ e$ AeC , does determine M Xt . It is however useful to emphasize 
then the C-vector space with nilpotent endomorphism of moderate vanishing cycles 
for the eigenvalue one of monodromy, 

(0 Xiil (M),N) := (image [N : ip Xi ,i(M) — > ^,i(M)] , induced n) . 

In order to insure the minimality property, we will use the following criterion: 

Lemma 1.1.1. Assume that M is an irreducible (or semi-simple) holonomic 
<C[t](dt) -module. Then M is a minimal extension at each of its singular points. □ 

Assumption 1.1.2. 

(1) In what follows, we always assume that M is irreducible, not isomorphic to 
(C[i],d) and is not supported on a point. 

(2) We will sometimes assume that M has a regular singularity at x r+ i and 
that the monodromy o/DRM around oo is scalar and ^ Id, that is, of 
the form A Q Id with A Q ^ 1 ( with the notation below, this means that 
v v Xr+lt \j(M) — unless ip = 0, A = A Q and 1 = 0). 

Local numerical data attached to a holonomic module. The "monodromy filtration" 
attached to the nilpotent endomorphism N allows one to define, for each £ G N, the 
space of primitive vectors Piipx- (<p £ whose dimension is the number of 

Jordan blocks of size I + 1 for N acting on X {M). We define the nearby cycle 
local data (i = 1, . . . , r + 1, A e C*) as 

v v Xt , Xtt (M) =p(<p) -dimP^ i;A (M) (£ ^ 0), 



(1.1.3) 



'u XitX (M) = dirndl X (M) = + lV" Xi ,\AM), 



and we have 

h(M) = h Xi (M) 

(1-1-4) = v v Xi ^\{M) (generic rank of M, independent of i). 

ipE®i A 

On the other hand, we define the vanishing cycle local data by setting 
(1-1-5) v ^,xAM) = v v Xt ,xAM), 

except ifi^r + 1, (p = and A = 1, for which we consider the values for ImN and 
we set 

°H Xi ,i,t(M) = °v Xt ,i,t+i, 

^Vx i ,i^(M)=° i y Xi;1 , prim (M) °- 



(1.1.6) 



Vx»,l,prim(-&f) 

V„i(Af) 



^ + 1)Vx 4 ,m(M) 



prim 



(M). 



We then set, for <p 6 

(1.1.7) ^ Xi (M)=^^ XiiA (M), /x X4 (M)= ^ v Mx 4 (M). 
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Definition 1.1.8 (Local numerical data). Let M be an irreducible holonomic mod- 
ule on A 1 with singular points The local numerical data of M 
consist of 

(1) the generic rank h{M), 

(2) the nearby cycle local data fv Xr+u x,l{M) (A E C* , £ E N), 

(3) the vanishing cycle local data v n Xi ,\ }l (M) (i = 1, . . . , r, A € C*, i G N). 

Remark 1.1.9. The formula for the missing °^ 2;ii i^(M)'s, i = 1, . . . , r, is: 

o (AT , |Vx„y-i(M) ifOl, 
v x . i AM) — < 

\h(M)-fi Xi (M)- fi Xi , l!plim {M) ii£ = 0. 

As we will see below, the ^'s and h behave well when tensoring with a Kummer 
module, while the /x's behave well by Fourier transform. The behaviour under 
middle convolution by a Kummer module will therefore be more complicated. 

1.2. A quick review of middle convolution for holonomic modules on the 
affine line. We review the notions and results introduced by Katz [14], in the 
frame of holonomic ^-modules (cf. [T]). 

Let M, N be holonomic modules on the affine line A 1 . The external product 
M 131 N is a holonomic module on the product A 1 x A 1 . The (internal) tensor 
product M(£> L N is the pull-back S + (MM N) of the external product by the diagonal 
embedding S : A 1 ^ A 1 x A 1 . It is an object of D b (^(A 1 )). If N is ^(A^-free, then 
M ® L N = M (g) N is a holonomic module on A 1 . 

Convolutions. Consider the map s : A^. x A^ — >• A* (where the index is the name 
of the corresponding variable) defined by t — s(x,y) = x + y. The (usual) *- 
convolution M ** N of M and N is the object s+(M M N) of D h (C[t](d t )). The 
^-convolution is associative. On the other hand, the !-convolution is defined as the 
adjoint by duality of the ^-convolution: M *\N — D(DM ** DN), where D is the 
duality functor D^;° P (^(A 1 )) ->■ D£ ol (5>(A 1 )). It is also expressed as s t (M E N), 
if S| is the adjoint, by duality, of s+. Similarly, *i is associative. 

Let us choose a projectivization ^ : X — > A : t of s, and let j : x A'^ °-> J denote 
the open inclusion. Since ? naturally commutes with duality, we have Sj = s+ and 
s-f = s + o Since there is a natural morphism jj — > j + in D^ ol (^x), we get a 
functorial morphism s t (M M) -) s+(M IE AT), that is, M *iJV-) M N, in 
DUW). 

Convolutions and Fourier transform. Let r be the variable which is Fourier dual 
to t. The Fourier transform (with kernel e~ tT ) of a C[t] (<9 t )-module M is denoted 
by F M . It is equal to the C-vector space M on which C[r](i9 T ) acts as follows: r 
acts as dt and d T acts as —t. If p : A* x A 1 ,. — > A\. denotes the projection, it is also 
expressed as p + (M[r}e~ tT ) = H p + (M[r}e- tT ). 

Due to the character property of the Fourier kernel, we have 

(1.2.1) F (M ** N) = F M ® L F N. 

Recall (cf. (TTJ pp. 86 & 224]) that Fourier transform is compatible with duality 
up to a sign t : r h4 — t, that is, D F M ~ l +f DM. It follows that 

(1.2.2) F {M mN) = D(D F M ® L D F N). 

Denote by 5 = C[t]{dt}/C[t}(d t }-t the Dirac (at 0) ^(A^-module, which satisfies 
f i5q = C[t]. Then, clearly, (5q is a unit both for and *t. 
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Middle convolution with P. We introduce the full subcategory P of Modhoi(C[f](9t)) 
consisting of holonomic C[t] (<9t)-modules N such that F N and F DN (equivalently, 
D F N) are C[r]-free. Clearly, P is a full subcategory of Modhoi(C[i] (c?t)) which is 
stable by duality. 

From p.2.1j) and (|1.2.2[) it follows that, for TV in P and any holonomic M 
(resp. for M in P), both M ** N and M *t N are holonomic ^(A 1 )-modulcs 
(resp. belong to P). Clearly, So belongs to P. 

Definition 1.2.3. For N in P and M holonomic, the middle convolution M-k^^N 
is defined as the image of M *| N M ** N in Modhoi^A 1 )). 

Lemma 1.2.4. For N G P, **iV and *\N are exact functors on Modhoi(C[t](9t)). 
On the other hand, * m idN preserves injective morphisms as well as surjective mor- 
phisms. 

Proof. The first assertion follows from the exactness of F and D on Modhoi (C[f ](c?t)), 
and the exactness of ® F N on Modhoi(C[T] (d T )). The second one is then obvious. □ 

Middle convolution with Kummer modules. For % G C* choose a G C\Z such 

that exp(— 27ria) = x an d let L x (or L x (t) to make precise the variable t) denote 
the Kummer C[t] (d t )-module (C[t, t' 1 ], d + a dt/t) = C[t}(d t }/C[t](d t ) ■ {td t - a). 
It does not depend on the choice of a up to isomorphism. The second presentation 
makes it clear that DL X = L x -i and F (L x (t)) = L x -i (r). It will also be convenient 
to set L\ = So- From (11.2.11) and (|1.2.2[) we conclude that L x belongs to P and, for 
any of the three ★-products, 

(1.2.5) L X *L X ,=L XX , ifxxVl- 

We also deduce that L x * m id L x -i = L\. If M is a holonomic C[i](<9 t )-module, we 
set 

(1.2.6) MC x (Af) := M* mid L x . 

Proposition 1.2.7. If x ^ 1 ; F MC X (M) is the minimal extension at the origin of 
F M®L x -i. 

Proof. By construction, F MC X (M) C F M <E> L x -i, hence it has no submodule 
supported at the origin. Since D F L X = L x , D F M ® D F L X satisfies the same 
property, and thus its dual module has no quotient module supported at the origin. 
As a consequence, F MC X (M) does not have any quotient module supported at the 
origin. It remains therefore to show that F MC X (M) (g) C[r, r^ 1 ] = F M ® L x -i, 
i.e., , F MC X (M) and F M ® L x -i have the same generic rank. We will restrict to a 
non-empty Zariski open subset not containing the singularities of F M and L x (t). 
It is then a matter of showing that, on this open subset, D(D F M ® L x (r)) has the 
same rank as F M (or F M <g> L x -i(t)). On such an open set, the dual as a ^-module 
coincides with the dual as a bundle with connection, so the assertion is clear. □ 

Proposition 1.2.8. The middle convolution functor MC X : Modhoi(C[i](9t)) — > 
Mod ho i(C[t](dt)) satisfies MC XX - ~ MC X oMC x - ifxx' + 1 andMCi = Id. It satis- 
fies MC x -i o MC X = Id on non-constant irreducible holonomic modules. In particu- 
lar, it sends non- constant irreducible holonomic modules to non- constant irreducible 
holonomic modules. 
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Proof. That MCi = Id is clear by Fourier transform and can also be seen as follows: 
since M M L\ is nothing but the push-forward i + M by the inclusion i : A*, x {0} <-+ 
K\ x A^, we have s\(M Kl Li) = s+(M Kl Li) = M since s o i = Id; then the image 
of one into the other is also equal to M. 

We are reduced to prove an associativity property. Indeed, 

MC XX * (M) = M * mid (L x * mid L x /), 
MC X o MCV [M) = (M * mid L x ) * mid L x , . 

On the one hand, let us consider the following diagram: 

M *| L x *i £ x < » (M * m id i x ) *i L x > c > (Af L x ) *| L x / 

(M *| L x ) * m id i x ' » (M * m j d i x ) *mid L x ' C )■ (M ** L x ) * m i d i x ' 



(M *] L x ) ** L x / » (M * m id L x ) ** L X ' c > M** L x L x < 

Lemma 11.2.41 shows that the horizontal arrows have the indicated surjectiv- 
ity/injectivity property. The vertical arrows of the first line are onto and those of 
the second line are injective by definition of * m ; d . It follows that (M* m i d L x )* m ; d L x ' 
is also identified with the image of M *\ L x -k\ L x > — > M ** L x ** L x > . 

On the other hand, if \x' 1> Af* m ; d (L x -k m idL x >) = M* mid (L X *L X >) (any *), 

so 

M * m i d (L x -k L x i) — image[M *t (L x *i L x >) — > M ** (L x *» £ X ')]- 
If XX' = 1) we consider the diagram 

M *j (L x *i L x i ) > M (L x 7k-* L x > ) 



M *i Li ^=^= M * mid Li ^=^= M ** Lx 

where in the lower line, all terms are nothing but M, and we are reduced to proving 
that the left vertical morphism is onto and the right one in injective if M is irre- 
ducible and non-constant. Since F (L X ** L x -i) = C[r, r _1 ] and F M and F DM have 
no r-torsion by our assumption, the morphism M — > M -k* L x ** L x -i is injective 
and so is DM — > DM L x L x -i, hence by duality M *i L x *\ L x -i — > M is 
onto. □ 

Let us decompose A^, x A^ as A^ x A x t so that s becomes the second projec- 
tion p, and let us choose siP^xAj-} A* as being the second projection. Since 
j : A 1 x xA\ =-> x A( is affine, j t (MHL x ), j+(M B£ x ), j t+ (MBL x ) are holonomic 
^pi xA i -modules, as well as the kernel K of j\(M M L x ) — > jj + (M Kl L x ) and the 
cokernel C of j| + (A/ H L x ) — > j+(M E3 i x ), and we denote the middle extension 
j\+{M M L x ) by M x . If M is irreducible, M x is irreducible since M Kl L x is an 
irreducible xA i -module. 

Proposition 1.2.9. We have MC X (M) = s + M x . 
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Proof. Since L x belongs to P, we have s t (M E L x ) = iJ°s t (M E L x ) and 
s+(M E L x ) = H a s+(M E L x ), so that 



MC X (M) = image iJ°s t (M E L x ) — > H°s+(M E L 



= image 



H°s+j^M E L x ) — > H°s+j + (M E L x ) 



On the other hand, since s is the identity when restricted to {av+i} x A^, both 
and s+C have cohomology in degree zero only. It follows that if°s+j-|-(M E L x ) — > 
#°s + j t+ (MEL x ) is onto and H°s + j n {MML x ) H°s + j + (MML x ) is injective, 
which proves the equality MC X (M) = i?°s + M x . That ff fc s + M x = for k j= is 
proved similarly. □ 

1.3. Behaviour of local data by various operations. 

Twist by a rank-one local system. Let us fix a singular point Xi of M with local coor- 
dinate x as above, and let us focus on local data at Xi. For Aj G C* \ {1}, let Ac 4 ,A< 
denote the C((x))-vector space C([x)) equipped with the connection d + a.idx/x, 
where on is chosen so that exp(— 2^1^) — \. A standard computation (see a more 
precise computation in H2.2.11JI ) shows that, for each and each A G C*, we 

have 

&l e (M Xi <8> ),N) * « /A4i£ (M ai ),N). 

We thus get 

*' 2 / A ^((M Xt ®L X4 ,A 4 )mi„) - <P Vx^(M Xi <g> £xi,Ai) = ^J/A.ifMx,) 

The formulas (|1.1.6I) also allow one to compute the missing local data /i. of the 
minimal extension at of M ri (g) L Xi \ i from °v Xi ,i/\ i ^{M Xi ): 

°HlA(M Xl ® L^Ajmin) = V/A,,*+l(M*,). 

As a conclusion: 

(1.3.1) h((M Xi <g> 

-Lxi,\i )min 

) = h(M Xi ), 

(1.3.2) ^(K+i ®i*^i,Vfi) = ^A/A r+1 ,*(^+i) 

(1.3.3) v nxjt{{M Xi <g> i« 4j A,)wm) (t = l,...,r) 
V MA/A 4 ,/(M^) fi>^0or A^l.Ai, 

Vi/A^+iC^**) if </j = and A = 1, 

°/x M -i(Mx 4 ) if y, = o, A = A, andO 1, 

K h(M=0i) ~ KM Xi ) - Vi, P rim(M x< ) if v» = 0, A = A, and £ = 0. 
A straightforward computation gives then (i = 1, . . . , r) 

(1.3.4) A»((M a| (8 £ X4 ,A 4 )min) = h(M Xi ) - °Hi/x i ,p t Sm(M Xi ). 

Behaviour of local data by Fourier transform. The main tool will be here the formal 
stationary phase formula. Let M be an irreducible holonomic C[t](9 t )-module and 
let F M be its Fourier transform, which is also irreducible. Both are therefore 
minimal extensions at their singular points at finite distance. We denote by y = 
{yi, . . . ,y s } the set of singular points at finite distance of F M and by y s +i = oo 
the point at infinity (in the variable r), which is also considered as a singular point 
of F M . It will be convenient to denote by i (resp. j ) the index i G {1, . . . , r} 
(resp. j E {!,..-, s}), if it exists, such that Xi o — (resp. yj o = 0). 
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Recall (cf. [TB] in the Gaelic setting, and [HHJ for the ^-module setting) that, 
for each j = 1, . . . , s + 1, F M Vj is obtained by local Fourier transform according to 
the formulas 

FM Vj = 5<°°'W) (Moo) for j = 1 , . . . s, 

The formal stationary phase formula (cf. [T51 [TO] ) gives decompositions $ r +i(M) = 
Ujtl $rli( M ) and ®s+i( F M) = ^l^M), and isomorphisms, that we sim- 

ply denote by (ft—^if, 

Q&^QsfM) j = l,..., s, 

$ r (s + + 1 i) ^<fi r + + 1 1) rM) 

More precisely, $|,! f 4 1 1 ' ) is the part with slope > 1 in $ r +i (slope(</?) = q(ip)/p, q(ip) = 
order of the pole of if) and the image of in $ s +i( F Af) is the part of slope > 1 

in $ s+ i( F Af), that is, i^^Jlf). Moreover, the union of the J^^Mj's for 
i G {1, . . . ,r} \ is the part of slope one, and ^^\( F M) (if nonempty) is the 
part of slope < 1 in $ s+ i( F M). We have a similar description of $^? X (M). We 
then obtain 

(1.3.5) ^..v^M) = ^ r+1 ,± v (M), ^ G *&(M) (j = 1, . . . , a), 

(1.3.6) ? v ys+1 ,A^( F M) = Vi ^xi,±\,t{M), 

tPi e *<(M) (i = l,...,r), ^ r+1 g $, (s + + 1 1) , 

where ±A is (-1) 9 ^A. 

On the other hand, the rank of F M can be computed by using data at y s +i- It 
is given by 

r 

(1.3.7) h( F M) = u ys+1 ( F M) = 5>* 4 (M) + (°+Vv Xr+1 (M), 

»=i 

which can be refined as 

^)^ +1 ( F M) = (^)^ +1 (M), 

W^ +1 ( F M)=/x Xi (M) i = l,...,r. 

The previous formulas express the transformations of the local numerical data (Def- 
inition [TTTTHJ) of an irreducible holonomic C[i] (<9t)-module by Fourier transform. 
Note that the formula for < V J(jo! i i o( F M), as given by the second line of Remark 11.1.91 
for F M can be given a global interpretation in terms of M as follows. Let M denote 
the unique irreducible St$i -module whose restriction to A 1 is M. 

Proposition 1.3.9. Under Assumption ^. 1.2p ]). we have 
°v yjo ,x,o{ F M) = dim J ff 1 (P 1 ,DRM). 

Proof. Let M denote the localization of M at x r +i = oo, so that if fe (P 1 ,DRM) = 
H k (A 1 ,DRM). We have an exact sequence O^M^M^N^O, where N 
is supported at the origin. Note that H k (A 1 , DR M) is the cohomology of the 
complex M M, that we can write F M — ^ F M. Standard results on the 
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^-filtration of holonomic modules show that this complex is quasi-isomorphic to 
cj)y, 1 ( F M) if)y. 1 ( F M). Since F M is irreducible, it is a minimal extension at yj o 
(cf. Lemma |l.l.ip . and therefore its var is injective and its can is onto. As a con- 
sequence, H k (A 1 , DRM) = for k ^ 1 and dim if 1 (A 1 , DRM) = dimCokervar = 
dimCokcrN = % 3o ,i, prim ( F M). 
The exact sequence 







C +1 ,i( M ) — > cm - — ► CiW 



o 



shows that dim0° r+i = °^ r+1 ,i, P rim(M) = °v Xr+1 ,i, P rim(M). Since 3Sf is sup- 
ported at av+i, we obtain H k (P 1 , DR K) = for k ^ 1 and dim if^P 1 , DRW) = 
V r+1 ,i, P rim(M). Moreover, i? 2 (P 1 ,DRM) ~ ff°(P 1 ,DRDM) = since M 
(hence DM) is satisfies (TTTT^JU) . The exact sequence 

— ► if 1 (P 1 , DRM) — > if 1 (P 1 , DRM) — > if 1 (P 1 , DRM") — > 0, 

together with the previous considerations, gives 



dim if 1 (P 1 , DRM) = dim if 1 (A 1 , DRM) - °v Xr . +1 ,i, plim (M) 



V,, i.o( F M). 



□ 



Behaviour of the local numerical data by MC X . Putting the previous results to- 
gether, we obtain: 

Proposition 1.3.10. If M satisfies \1.1.2^ T\i and \ ^ 1, we have 



fl A*x«,A^(MG x (M)) = ">ti Xi , x/x/ (M) 

Vi = l,...,r, V^e$i(M), VAeC*, 0, 



X r+1 , v (MC x (M)) = < 



V ^ +1 ,A/ X ,£(M) 

°v Xr+ux ,t+i(M) 



if 



J 6 {l,...,s} \ {j }, 

i/^e$^N{0}, 

if<p = Q, A = 1, 
tfp = 0, A = x~\ O 1, 
dimiJ 1 (P 1 ,DRM) if ip = 0, A = x~\ ^ = 0, 



ft(MC x (M)) = h(M) + dim if 1 (P 1 , DRM) 

T" ,l,prim 

(M)- c (M). 



Proof. Since the first two equalities are straightforward, let us indicate the proof of 
the last one. By applying (| 1 . 3. 7[) in the reverse direction and the first two equalities, 
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we get 

ft(MC x (M)) - h(M) = v Xr+1 {MC x [M)) - v Xr+1 {M) 

S 

= E [toi i( FM ® VOmin) " M % fM)] 

+ (rfl, «w(^«V)- (rfl) 'w('^ 

= /x Wo (( F Af ® L x -i) min ) - Ai Wo ( F Af) 

= % Jo ,l,o( F M) + % Jo4 ,p rim ( F Af) ~ V Wo ,X, P rim( F Af) by (llA4l) 

= dimir 1 (P 1 ) DRM) + ^ Xr+1>1 , prilIl (M)- l / Xr+1)X>prim (M). □ 

I. 4. The case of a scalar monodromy at infinity. Together with Assumption 

II. l.2[f Tj). we moreover assume H .1.21( 21 and we choose x = A c . 

Corollary 1.4.1. Under these assumptions, MC x (Af) also fulfills Assumptions 
11.1.21(1)) an d ™^ scalar monodromy at infinity equal to A" 1 Id. Moreover, 

(1.4.1*) h(MG x (M)) = dimi? 1 (P 1 ,DRM) = dimff ^A 1 , DR Af). 

Proof. The first point directly follows from the formulas in Proposition !! .3. TOl Since 
v Xr+1 ,i{M) = and f Xr+1 , x , pr im(Af) = v x r+ i,x( M ) = V x r+1 {M) = h(M), we also 
get from this proposition: 

h(MC x (M)) = dimi? 1 (P 1 ,DRM) = dim if 1 (A 1 , DRM), 

where the last equality follows from the equality M = M, by our supplementary 
assumption and the choice of \. □ 

We get a topological expression of /i(MC x (M)) in terms of the perverse sheaf 
DR an Af : 

r 

(1.4.2) h(MG x (M)) = DR an Af - h(Af), 

i=l 

where fi Xi DR an Af = \i Xi MUM has a regular singularity at Xi , but both numbers 
are be distinct otherwise: 

Mxi DR an Af = irr Xi (Af) + h(M) - V lPlll „(M Xt ) = irr x< (Af) + /i Xi (Af), 

where the last equality follows from (|1.1.6|) . and where irr Xj (Af) := irr(Af Xi ) = 
irr( lrr Af Xj ) denotes the irregularity number of Af at X4: 

irr( irr A? Xi ) := £ slope(^) • ^ Xi (M). 

V G*i(M)\{0} 

We can thus also write 

fj, Xi DR an Af = ^ (slope(^) + l)-^ Xi (Af). 

V3£$i(M) 

Remark 1.4.3. In such a case, M x is smooth along {x r +i} x A^, because the 
monodromy of Af Kl L x around this divisor is equal to the identity. 

Remark 1.4.4 (Degree of V°). We keep the same setting as above. Since Af and 
MC x (Af) have only regular singularities, the locally defined C[a:]-modules V a at 
each singularity are the formalization of <£?pi -modules V a (M) and V a (MC x (M )), 
which are locally free if a > — 1. We will be mostly interested by V° and its degree, 
which is nonpositive, according to the definition of V° and the residue formula. 
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The residue formula, together with Proposition I1.3.1U1 (in the regular case), and 
with Assumptions 1 1 . 1 .2"HTj ) and ©, gives, for \ — A Q ^ 1 and a Q G (0, 1) such that 
exp — 27ria Q = A Q : 

r 

degV°(MC x (M))=degV°(M) + h(M)-J2 E /**«,«p(-!hria)(M). 

i=l aS[0,l-a o ) 

1.5. A quick review of Katz' existence algorithm for rigid local systems. 

Let V be an irreducible local system on A 1 \x, let (V, V) be the associated holomor- 
phic bundle with connectionlts Deligne meromorphic extension on P 1 is a holonomic 
^pi-module. Let M denote its minimal extension at each singularity at finite dis- 
tance, and set M — T(P 1 ,M). This is an irreducible holonomic f^i-module with 
regular singularities at x, and any such module is obtained in this way@ 

Let j : A 1 \ x P 1 denote the open inclusion. We say (cf. [13]) that ¥ is 
cohomologically rigid if its index of rigidity x(P 1 ,j* Snd^)) is equal to 2. Recall 
(cf. [HJ §1.1]) that this index is computed as 

r+1 

x(P\j*^d(r)) = (l-r)(rk^) 2 + E dimC (^), 

i=i 

where C(Ai) is the centralizer of the local monodromy Ai at xi. With the notation 
(|1.1.3p . we have 

dimC(^4i) = ^2 E v x,,\,iv Xu \.kmi-n{k + 1,1+ 1} 

^ E E V Xi,\.k v Xj.\,t(l + 1) = ^ Vx u A, prim ' ^Xj.A- 

AeC* fe,£^0 A 

It follows from [H Th. 3.3.3] (in the £-adic setting) and from A, Th. 4.3] (in the 
present complex setting) that if M (that is, "V) is rigid, then MC X (M) is rigid for 
any nontrivial x- Moreover, as obviously follows from the formula above, if Jz?\i....,A r 
denotes the rank-one local system on A 1 \ x having monodromy around Xi (and 
hence A r+ i = (Ai • ■ ■ A,.) -1 around x r+ i), then Y is rigid if and only if ~V is so. 

A celebrated theorem of Katz asserts that "V is rigid if and only if it can be 
brought, after an initial homography, by a successive application of tensor products 
by suitable rank-one local systems and middle convolutions by suitable Kummer 
sheaves, to a rank-one local system. We will quickly review this algorithm^ 

We consider the category consisting of local systems on A 1 \ x satisfying Assump- 
tion ITTT73JJ2]) (i.e., the associated ^a 1 -module M satisfies this assumption). Given 
such a local system "V , we will only consider tensor products by rank-one local 
systems and middle convolutions by Kummer sheaves which preserve the property 
of being in this category. We will call these operations (or rank-one local systems) 
"allowed". Proposition 11.3. 1U1 shows that, if "V satisfies Assumption 11.1. 2T f2")) . the 
only allowed MC X is for x = A Q (where A Q Id is the local monodromy of "f at x r +\). 



We use the Zariski topology when working with ^-modules, while we use the analytic topology 
when working with holomorphic bundles, local systems or perverse sheaves. For vector bundles 
on P 1 or holonomic -modules, we implicitly use a GAGA argument to compare both kinds of 
objects. Although we should distinguish both by an exponent "alg" or "an", we will let this to 
the reader. 

^Since we will be mainly interested in the case with regular singularities, we will not review 
the irregular analogue, due to Deligne on the one hand, and Arinkin [l] on the other hand. 
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Given any local system "V on P 1 \ D, for some finite set D, then up to adding a 
fake singular point, to tensoring by a rank-one local system and to pull-back by a 
homography, we can assume that Y belongs to the category above. For the Katz 
algorithm, we can therefore start from a rigid irreducible local system "f whose 
monodromy at x r +\ is A„Id with A Q ^ 1. In such a case, we have 

r 

2 = x(P 1 , J* Snd{t)) = (2 - r)(rkfj 2 + ^ dimC(^). 

i=i 

The main step of the algorithm consists therefore in the following lemma. 

Lemma 1.5.1. Let "V be such a local system of rank 2. For each i = 1, . . . ,r, 
let Xi G C* be such that f Xi ,At,prim = rnaxAgc* ^xj,A,prim o,nd let & t> e the rank-one 
local system with monodromy 1/Aj at X4. Then jSf is allowed for ~f and the rank of 
the unique allowed MC x (Jz^ (g> "V) is <rkf. 

Proof. Wehave^(«Sf®r) = (rkf-z^^prim) and dim C(Ai) ^ v Xi}Xi , P rim rk Y, 
hence 

r r 

(r - 2)(rkr) 2 - 2 <£>^.P" m] " kr = r(rkr) 2 - rk V £ ^ (_S? © r), 

i=l i=l 

by the rigidity assumption, and therefore El=i (Jzf ©T 5 ') < 2rkY. Once we know 
that if is allowed, (|lX2jl gives rkMC x (if O^) = £[ =1 M* 4 (-^W) -rk r < rkr. 

If if were not allowed, then the monodromy of _Sf ® 7^ at x r+ i would be the 
identity since that of ~¥ is already scalar, and a formula similar to (|1.4.2[) would give 
dim-E^QPS^CJSf = EI=iM^(-^ ©^)-2rkr, hence E[=i^(^®^) ^ 

2rk^, in contradiction with the inequality given by rigidity. □ 

2. Basics on Hodge theory 

2.1. Variations of complex Hodge structures. Let X a complex manifold. 
A variation of polarized complex Hodge structure of weight w € Z on X is a C°° 
vector bundle H on X equipped with 

. a grading H = peZ H p , 

. a flat connection D, 

. and a D-flat sesquilinear pairing k, 

such that the decomposition is fc-orthogonal, the pairing k is (— 1)™'-Hcrmitian, the 
connection satisfies 

D'H" C (H p © H p - V ) <g) *4'° 

L>"ff p C (iP © fl^ 1 )®^ 1 , 

and the Hermitian pairing h defined by the properties that the decomposition is 
/i-orthogonal and h\ HP = i~ w (— \) p k\ HP , is positive definite. 

As a consequence, the filtration F P H := ® q>p H q satisfies D"F P H C 
F p H © s^x' 1 and D'F p H C F^H © .t/^' . The holomorphic bundle V := Ker D" 
is equipped with a flat holomorphic connection V := F)' Kcl . DII and a filtration 
F P V = V n by holomorphic sub-bundles (i.e., such that each gr^, V is a 

holomorphic bundle) which satisfies VF P V C F P ~ 1 V ® fi^- for all p. We will 
also denote by (V, i^'V, V, k) such a variation, since these data together with the 
corresponding conditions allows one to recover the data (H, (J) H' , D, k). 
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If (H, (J) H' , D, k) is a variation of polarized complex Hodge structure of 
weight w, then (H,Q) H' , D,i~ w k) has weight 0. In this way, one can reduce to 
weight 0. If we do not care much on the precise polarization, which will be the 
case below, we can assume that the weight is zero. We will therefore not mention 
the weight by considering variations of polarizable complex Hodge structures. 

More generally, given a polarizable complex Hodge structure {H Ql (J) H' , k ), the 
tensor product H <Ei H Q is naturally equipped with the structure of a variation of 
polarizable complex Hodge structure. 

Definition 2.1.1 (The local invariant h p ). Given a filtered holomorphic bundle 
(V,F'V) on a connected complex manifold X, we will set h p (V) = h p (V,F'V) — 
rkgr^ V. 

For a variation of (polarizable) complex Hodge structure, we thus have 

h p (V) = rkH p . 

2.2. Local Hodge theory at a singular point and local invariants. Let A be 

a disc with coordinate t and let (V, F'V, V, k) be a variation of polarizable complex 
Hodge structure on the punctured disc A*. Let j : A* <^-> A be the open inclusion. 

Extension across the origin. We have the various extensions V a C V~°° C j*V, 
where V~°° is Deligne's meromorphic extension and V a (resp. V >a ) (a G R) 
is the free 6^ -module on which the residue of V has eigenvalues in [a, a + 1) 
(resp. (a, a + 1]). Here, the property that the eigenvalues A = exp(— 27ria) of the 
monodromy have absolute value one follows from the similar property for varia- 
tions of real Hodge structures (cf. [27j §11]) and the standard trick of making a real 
variation from a complex variation by adding its complex conjugate (cf. i j3.2p . 
For each a G M, the Hodge bundle F p V a is defined as j*F p V n V a . We have 

t mya = ya+m m y-oo for e&ch m g ^ g ince clearly t m j*F p V = j*F p V for each 

to G Z, we conclude that for each a£K and to G Z, t m F p V a = F p V a+m . 

We now denote by M = C V~°° the ^A-submodule generated by V > ~ 1 : 

M = V > - 1 + Va t V" > " 1 H C V-°°. Recall that, if j : A* <->■ A denotes the 

inclusion and V = V v is the locally constant sheaf of horizontal sections, we have 
T)RV-°° = Rj*V while DR M = j*V. We have a ^-filtration of M: 

V a M = V a for a > -1, V^M = V dt V° + V > ~\ etc. 

The f^A-module M is equipped with a filtration: 

(2.2.1) F P M = F^- 1 + Va t F p+1 V r> - 1 + ■ • • + V^F p+fe l/ > - 1 + ■ • • c F P V"°° . 

That F p V a is a vector bundle follows from the Nilpotent orbit theorem {24, 
(4.9)], and one deduces that F'M is a good filtration of M (cf. also [19l Prop. 3.10]). 
Moroever, it follows from Theorem 12 . 2.21 below (by computing the dimension of the 
fibre at the origin) that each gr^, V a is a vector bundle. 

Nearby cycles. The nearby cycles at the origin are defined as follows: for a G (—1,0] 
and A = cxp(— 27ria), 

MM) = Mv-°°) = gi-v = v a /v >a . 

It is equipped with the nilpotent endomorphism N = —(tdt — a). The Hodge 
filtration 

F p ^ x {M) := F p V a /F p V >a = F p iP x {V- co ) 
satisfies NF p i/>x(M) C F^iPxiM). 
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Theorem 2.2.2 (Schmid [23]). If (V, F P V, V) is part of a variation of polarizable 
complex Hodge structure, then {%jj\{M), F'ip\(M), N) is part of a nilpotent orbit. 
Moreover, 

(2.2.2*) rkF p y = dimF p tp x (M), 

AGS 1 

hence 

(2.2.2**) h p {V)= h p il>\{M). 

ASS 1 

In the following, we will set v p x (V) = hPip\{M) = h p i/>\(V-°°) for AeC* (in fact 
A G S 1 ). Note that the associated graded nilpotent orbit (graded with respect 
to the monodromy filtration W of N) has the same numbers h p (gr w i/j\(M)) — 
h p (^ x (M)). The Hodge filtration on gr w ip x (M) = gi w ^(V -00 ) splits with 
respect to the Lefschetz decomposition associated with N. The primitive part 
Pitfj\(M), equipped with the filtration induced by that on gr^ ip\(M) and a suit- 
able polarization, is a polarizable complex Hodge structure ([H]). We can thus 
define the numbers 

v p xl (M) = vi e (V-°°) := h p (P,MM)) = dimgr^P^M), 

which are a refinement of the numbers v\^(M) considered in tjl.ll fbv taking ip = 
there and forgetting the left exponent 0, since M has a regular singularity). Accor- 
ding to the F-strictness of N and the Lefschetz decomposition of gr w ip\(M), we 
have 

(2.2.3) vl(M)=J2J2<* k ( M ^ 
and we set 

(2-2-4) < prim (M) = £ v%{M), < copriro (M) = Y, &m 

We have 

~ vi-\M) = < coprlm (M) - i^JM). 

Vanishing cycles. For A ^ 1, we set <f>\(M) = ip x {M), together with the mon- 
odromy, with N and with the filtration F p . If we set n P x e (M) = dimgr^, Pgcf> x (M), 
we thus have by definition, for A ^ 1, 

&/M) = S Xtt {M) Vp. 

Let us now focus on A — 1. We have by definition 

MM)=gVy\M). 

On the other hand, the filtration F'(f>i(M) is defined so that we have natural 
morphisms 

(Vi(M),N,F') (0i(M),N, F') (^(M),N,F*)(-1) ) 

where the Tate twist by —1 means a shift of the Hodge filtration by —1, so that the 
object (ipi(M), N, F')(— 1) is also a mixed Hodge structure. Since can is strictly 
onto and var is injective, (</>i(M), N, F' ) is identified with ImN together with the 
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filtration F p ImN = N(F P ). Wc also have, by definition of the Hodge filtration 
on M, 

F p ~ 1 M nv^ 1 M 
»'MM) = Fr _ 1Mnv> _, M . 

For I ^ 0, we thus have 

F'PP e MM) = N(FPP, +1 ^(M)), 

and therefore 

fi/M) = vl l+l {M). 

Proposition 2.2.5 (cf. [13l Prop. 2.1.3]). (<pi(M), N, F') is part of a nilpotent 
orbit. Moreover, 

(2.2.5 *) n\{M) = vf(M) - < coprim (M) = v\-\M) - ^JM). 

Note that, using the Lefschetz decomposition for the graded pieces of the mon- 
odromy filtration of (4>i(M), N), we also have 

(2-2-6) „i(M)=J2E<t k - 
We will set, similarly to (|2.2.4p : 

(2-2-7) Ml prini (M) = Y, faM, vi cowim (M) = Y P^liM). 

Comparison between M and V~°° . Let us denote by N the cokernel of M <—> V~°° 
equipped with the filtration induced by that of V~°° . It is supported at the origin. 

Lemma 2.2.8. The sequence 

— > (M, F'M) — > (V^iF'V- 00 ) — ► (N, F'N) — > 

is exact and strict. Moreover, (N,F'N) is identified with the cokernel of the mor- 
phism var : (j)i(M) — > ipi(M)(—l) of mixed Hodge structures. In particular, 

hP{N) = 0, ^(N) = dim g^ (N) = ^^(M). 

Local Hodge numerical data. The various numerical data that we already intro- 
duced are recovered from the following Hodge numerical data. We use the notation 
(V-°° , F'V-°°) and (M, F'M) as above. 

Definition 2.2.9 (Local Hodge data). For XeS 1 , p£Z and £eN, we set 
(Local Hodge data for V~°°) 

' vl \ ~°°) = dimgr^ Peip\(V~°°), where P£ip\(V~°°) denotes the primi- 
tive part of grY Tp\{V~°°) (a polarizable Hodge structure of weight w +£), 
. i%(y-°°) given by (gUJ), 

. uP(V-°°) = J2x v \{ v ~°°)i so that v p {V~°°) = hP(V) by (12.2.2*4 . 
(Local Hodge data for M) 
. h?(V), 

. fi p xe (M) = dimgr^ Pgcf>\(M), where Petp\(M) denotes the primitive part 

of grf 4>\{M), fxl/M) = v\ e (M) if A ^ 1, 
. fjP x (M) given by (|2X6)) and ^(M) = Ex^x( M )- 
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Remark 2.2.10. When considering a minimal extension M, we only deal with the 
data fi p . Then the data v\ are recovered from the data \x p together with h p (V): 



v{AM) 



hP {V) _ M P (M ) - ^oprim(^) if 1 = 0- 



Twist with a unitary rank- one local system. Let £ be a nontrivial unitary rank-one 
local system on A*, determined by its monodromy A Q E S 1 \ {1}, and let (L, V) be 
the associated bundle with connection. We simply denote by L' the various Deligne 
extensions of (L, V). It will be easier to work with LP. We set A = exp(— 27ria G ) 
with a Q e (0, 1). Then, L° = L a ° and, for each a E R, 



V a <g> L° = (V~ 



On the other hand, the Hodge bundles on V ® L are F P V <g> L so that, by Schmid's 
procedure, for each a, 



F p {V-°° C 

(intersection taken in V' 
ture by inducing F P {V~ 



L~°°) a := j* (F P F <g> L) n (V- 



>L °° ) is a bundle, and we have a mixed Hodge struc- 



L-°°) Q on gr£r(V" 



We claim that 



oo\a+a 



(2.2.11) F p V a (x) L° = F P (V~°° (J 

This amounts to showing 

(j*F p n F Q ) Cg) L° = gi L) n (V^" 00 g> , 

intersection taken in V~°° <g> L~°° . The inclusion C is clear, and the equality is 
shown by working with a local basis vector of L°, which can also serve as a basis 
for L and L~°°. 

We deduce that, in a way analogous to (|1.3.1[) . (|1.3.2[) and (|1.3.3[) . 



(2.2.12) 
(2.2.13) 



h p {V®L) 

-°°®L- co ) 



h p (V), 



P 



(2.2.14) vl'((V- 



L ° C )min) — < 



h p (V) - n p (M) 

, _ Ml^oprim(-^) 



if A^1,A D , 
if A = 1, 

if A = A and I ^ 1, 
if A = A and I = 0. 



2.3. Hodge numerical data for a variation on A 1 \ x. Let x = {xi, . . . , x r } 
(r 1) be a finite set of points in A 1 and set £ r +i = oo E P 1 . Let (V, F" V, V, fc) 
be a variation of polarizable complex Hodge structure on U = A 1 \ x. Together 
with the local Hodge numerical data at each xi (i = 1, ...,?• + 1) we consider the 
following global numerical data. We consider the Hodge bundles gi^V , whose 
ranks are the h p {V). 

Definition 2.3.1 (Global Hodge numerical data). For each p, we set 

S p {V) =degg r P V°. 
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Global Hodge numerical data of a tensor product. Let (L, V) be the holomorphic 
bundle with connection associated to a unitary rank-one local system on U — A 1 \x. 
We denote by ct; G [0, 1) the residue of the connection (L°, V) at Xi (i = 1, . . . , r+1), 
so that degL = — Y^i=\ a i- We now denote by X {V) etc. the local Hodge 
numerical data of V at xi whenever A ^ 1, and for a = (eti, . . . , a r +i) we denote 
by V a the extension of V equal to V ai near Xi . 

Proposition 2.3.2. With the notation as above, we have 

r+l 

§p(V®L) = 6 p {V) + h p (V)degL° + J2 Yl <,a( f )- 

i=l aG[l— a,,l) 
A— cxp( — 27ria) 

Proof. We deduce from (|2.2.11[) (at each Xi) that 

<P(V ® L) = deg gr^, (V ® L)° = deg [(grj, (g) L°] after (l2.2.11|) 

= dcggrj, V^ a + deg£° 

r+l 

i=l 0e[-a 4 ,O) 
A=cxp(-27ri^) 

Hodge data on the de Rham cohomology. 

Let M denote the minimal extension of at each of the singular points Xi 

(i = 1, .. . ,r + 1) and let FM be the extended Hodge filtration as in 32^2"! The 
de Rham complex DRM = {0 -> M ->■ Oji ® M ->■ 0} is filtered by 

F p DRM = {0 — > F p M — > <g> F^M — > 0}, 

and this induces a filtration on the hypercohomology H' (P 1 , DR M) = H ' (P 1 , j* V) , 
where j : A 1 \ x <—} P 1 denotes the open inclusion. It is known (by applying the 
results of [37] to the variation of polarized real Hodge structure obtained by taking 
the direct sum of the original complex variation with its complex conjugate, cf. £I3.2[) 
that F'H m (W ij*V) underlies a polarizable complex Hodge structure. Note that, 
if V is irreducible and non constant (as in Assumption 11.1. 2"t [Tj) . in the present case 
with regular singularities), then H m (¥ 1 ,j*V) = for m^l. 

Proposition 2.3.3. Assume that (V, F' V, V, k) has an underlying irreducible and 
non constant local system V. Then 

(2.3.3*) ^(^(PSj.V)) 

= SP-\V) nV) - h?{V) - C; i4 , prim (^) + £ {^{V) + <, X (M)) ■ 

i=i 

Proof. It follows from [19j Prop. 3. 10(iib)] that the inclusion of the filtered subcom- 
plex 

F'V° DRM := {0 — > F'V°M — > <g> F'-^M — > 0} 



HODGE THEORY OF THE MIDDLE CONVOLUTION 



19 



into the filtered de Rham complex is a filtered quasi-isomorphism. By the degen- 
eration at Ei of the Hodge de Rham spectral sequence, we conclude that 

-h p {H 1 (P 1 ,j^V)) = x(gr£ i?'(P 1 ,DRM)) (irreducibility and non-triviality of V) 

= x(-H"(IP 1 ,grF DR:M )) (degeneration at E x ) 

= x(J?*(P 1 , g4 V° DRM)) (as indicated above) 

= x(F*(P\g4 V°M)) - X (iT (P 1 , ^ ® gr^T 1 V^M)) 

(€?-linearity of the differential) 

= 5 p (V) + h p (V) - deg(nji ® gr^T 1 V^M) - /^(F) 

(Riemann-Roch) 

= <5 P (V) + h p (V) - deg(gr5T 1 V _1 M) + h p -\V). 

We now have 

degfer^T 1 V~ l JA) = 5 P ~ 1 (V) + dimgr^V^M/V^M) 

= 5 p - 1 (V)+ dimgifT^gr^M) 
oe[-i,o) 

= ^ 1 (^)+E(^ 1 (^+<,iW), 

i=l 

from which one deduces the formula in the proposition, according to (|2.2.2 **[ and 
(|2.2.5*p . □ 

Remark 2.3.4. Let us keep the assumptions of Proposition |2~3. 31 We also clearly 
have Jf°(P 1 ,j*V) = 0, and also ff 2 (P 1 , jVV) = i? (P 1 ,i*V v ) = Since the dual 
local system V v satisfies the same assumptions. 

Let M denote the ^pi -module which is the minimal extension of (V, V) at all Xi 
(i = 1, . . . , r) and the maximal extension V~°° at x r+ \ = oo. The exact sequence 
of Lemma 12.2.81 at av+i induces an exact sequence of de Rham complexes 

— ► (DR M, F* DRM) — > (DRV^ 00 , F' DRV~°°) — ► (DR N, F' BRN) — > 

where F p DR M = {0 F P M F p - X M ® Sl\ -> 0} etc. and N = N Xr+1 is 
defined as in Lemma [2.2.81 Applying the previous results, one can show that the 
spectral sequence of hypercohomology of the filtered complex F' DRM degenerates 
at Ei , and that we have an exact sequence of complex mixed Hodge structures 

— > F'H 1 ^ 1 ,^) — > F'H 1 (A 1 ,j t V) — > F'H 1 {DRN) — > 0. 

It follows that 

r 

(2.3.4*) h p (H 1 (A\j^V)) ^ S p -\V)-S p (V)-h p (V) + Y,(^:U V )+^i( M ^- 

i=l 

Remark 2.3.5. Let us keep the assumptions of Proposition |2~3.3I and let us more- 
over assume that the monodromy of V around x r +i = oo does not admit 1 as an 
eigenvalue (e.g. it takes the form A Q Id for some A Q G C* \ {1}, cf. £ll.4[) . Then 
N Xr+1 = and F'H 1 (A 1 ,j^V) = F'H 1 (P 1 7 j r V) is also a pure complex Hodge 
structure. 
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2.4. Existence of a variation of polarized complex Hodge structure on 
a local system. We keep the notation as in 32.31 Given a local system V on 
U = A 1 \ x, necessary conditions on this local system to underlie a variation of 
polarizable complex Hodge structure are: 

(1) the local system is semi-simple, i.e., direct sum of irreducible local systems, 

(2) for each i = 1, . . . , r + 1, the eigenvalues of the local monodromy at Xi have 
absolute value equal to one. 

We now consider the question of whether these conditions are sufficient. 

Theorem 2.4.1 f [251 Cor. 8.1]). Assume that the local system V on U is physically 
rigid (cf. [141 (1.0.3)],) and semi-simple. Then V underlies a variation of polarizable 
complex Hodge structure if and only if Condition @ above is fulfilled. □ 

Since physical rigidity is best understood when V is irreducible (cf. [141 
Th. 1.1.2]), it is simpler to work with irreducible local systems. Reducing to 
irreducible local systems does not cause trouble when considering variations of 
Hodge structures, according to the following result. 

Let (V, F'V, V, k) be a variation of polarized complex Hodge structure of weight 
(say) on U. The associated local system V, being semi-simple, decomposes as 
^ = ® a eA "^a" > where V a are irreducible and pairwise non isomorphic. Similarly, 
(V, V) = Q) aeA (V a , V)""*, and the polarization k, being V-horizontal, decomposes 
with respect to a G A. 

Proposition 2.4.2 ([SJ Prop. 1.13]). For each a G A, there exists a unique 
(up to a shift of the filtration) variation of polarized complex Hodge struc- 
ture (V a , F"V a , V, k a ) of weight and a polarized complex Hodge structure 
{H a , (J) H' a , fc°) of weight with d\mH a = n a such that 



3.1. Behaviour of Hodge numerical data by middle convolution. Let "V 

be a non-zero irreducible non-constant local system on A 1 \ x which underlies a 
variation of polarizable complex Hodge structure (V,F'V, V), and let (M,F'M) 
be the associated complex Hodge module (a notion explained in 33.21 below) . 

Proposition 3.1.1. With these assumptions, MC X (M) underlies a natural polar- 
izable complex Hodge module and ifXiX' 1 X = exp(— 27ria ) with a € (0, 1) 
( and similarly for x'), 



Our objective is to prove the following. 

Theorem 3.1.2. Under A ssumvt ions 1 1.1.2[ fTj) and @ on M , and for x = A OJ 

(1) h p (MC x (M)) = h p H 1 (A 1 ,BRM) (given by Formula (|2.3.4*p ). 

(2) Set X a = exp(— 2itia ) with a € (0, 1). For i — 1, ... ,r, A = exp(— 27ria)s5' 1 
and I £ N, we have (together with a similar formula without I): 




□ 



3. Hodge properties of the middle convolution 



MCV MC X (M, F'M) 



MCV X (M,F*M)(-1) ifa + a' e (0,1], 
MC X . X {M,F'M) ifa + a' € (1,2). 
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(3) With the same assumptions, we have 

F(MC X (M)) = S P (M) + h?{M) - U t ,i(M) + £ H P X -{(M) 

i=l ^ qS(0,1-Q o ) 

Remark 3.1.3 (On duality). Given a variation of polarized complex Hodge struc- 
tures (V, F'V, V, k), its dual is of the same kind. If (M,F'M) is the complex 
Hodge module (in the sense of H3.'2\ below) corresponding to (V,F'V,W,k), we 
denote by D(M,F') the complex Hodge module corresponding to the dual vari- 
ation. The behaviour of duality by tensor product is clear. Noting that, as a 
unitary variation of Hodge structure, the dual of L x is L x -i , we conclude, by using 
the standard results of the behaviour of duality with respect to push- forward [2"T] . 
that the dual of MC X (M, F') (as defined by Proposition 13.1.1]) is isomorphic to 
MC r i(D(M, F'M)). 

Assume that we are given an isomorphism to : (V, F'V, V, k) (V, F'V, V, k) v , 
hence u : (AT, F'M) —t D(M,F'M). Then, setting x = -1, we obtain an 
isomorphism MC_i(w) : MC_i(M, F'M) D MC_i(M, F'M). 

If ui is i-symmetric, then MC_i(w) is =p-symmetric, due to the skew-symmetry 
of the Poincare duality on if 1 . 

3.2. Polarizable complex Hodge modules. The theory of pure (or mixed) 
Hodge modules of M. Saito [2TJ[22], originally written for objects with a Q-structure, 
extends naturally to the case of a R-structure. 

Definition 3.2.1. A filtered ^f-niodule (M, F'M) is a polarizable complex Hodge 
module on a complex manifold X if it is a direct summand of a filtered f^x-module 
which underlies a polarizable real Hodge module which is pure of some weight. 

We can therefore apply various results of the theory of polarizable real Hodge 
modules to the complex case, almost by definition, since most operations (nearby 
cycles, vanishing cycles, grading by the weight filtration of the monodromy, push- 
forward by a projective morphism) are compatible with taking a direct summand. 

Given a variation of polarized complex Hodge structure of weight w as defined 
in tj2.11 for which we now denote the grading by (§) p H v > w ~ p , the C°° complex 

conjugate bundle if is endowed with the grading ® 9 if 9 '™ 9 := ? H w ~i'i and 
with the flat connection D and adjoint pairing k* , making it a variation of polarized 
complex Hodge structure of weight w. The direct sum H ® H underlies then a 
variation of polarized real Hodge structure of weight w. Therefore, a variation 
of polarizable complex Hodge structure is a smooth polarizable complex Hodge 
module. 

The converse is also true if X is quasi- projective, according to [SJ Prop. 1.13] 
(cf. Proposition 12.4.2]) . We will mainly use the case where X = A 1 \ x. 

The theorem of Schmid fTh. 12.2.2"]) . when applied to a real variation, produces a 
polarizable real Hodge module on A. 

Corollary 3.2.2. The filtered Sl&.-module ([2.2. ip is a polarizable complex Hodge 
module. □ 

Thorn- Sebastiani. We review here the main result of [23) in our particular situa- 
tion. We consider the local setup of 3!l2l Let (Mi, F' Mi), (M 2 ,F'M 2 ) be complex 
Hodge modules on the disc A, where the nitrations arc defined by ([2.2.1[) , having a 
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singularity at the origin of the disc at most. We consider the product space A x A 
with coordinates (ti,t 2 ) and the sum map s : A x A — !> A, (tijta) ^ t = t\ + t%. 
The moderate vanishing cycle functor <p s along the fibre s = is defined by using 
the ^-filtration of Kashiwara-Malgrange (in dimension two). Since the singular 
locus of the external product Mi Kl M 2 is contained in \t\t 2 — 0}, the support of 
4> 8 {M X S M 2 ) is reduced to (0, 0). 

Note that our definition for the filtration on the near by /vanishing cycles corre- 
sponds to that of [2U (0.3), (0.4)]. 

Given A G S , we set A = exp(— 2iria) with a G [0, 1), according to our previous 
convention. With this in mind, we have: 



Theorem 3.2.3 (E3 Th.5.4]) 

gr p F 4> s , x (M 1 ®M 2 )= © 



(Ai,A 2 ) 
Ai A2 — A 



g4 4>t 1 ,\ 1 Mi <8> gr F <& 2 ,a 2 M 2 
J+fe=p - 1 ifoix+a 2 6 [0,1], 

gr F <£ tl >Al Mi ® gr| t2 , a 2 M 2 
J+fc=p ifai+a 2 G (1,2). 



We will be mostly interested in the case where M 2 = L x (x = A Q 7^ 1) with its 
filtration making it of weight 0, in which case the formula of loc. cit. makes precise 
the monodromy weight filtration in a simple way: 



(3.2.4) gr£.P/0. |A (AfBZ x ) 



gf F ~ 1 Pt<tH,\/\ M if a 6 (a o ,l)U{0}, 
gr F P^ t , x/Ao M if a 6(0,0,,). 



Remark 3.2.5. An alternative proof of (|3.2.4|) by using the Fourier transformation 
would be possible, but would need the extension of Hodge theory to integrable 
twistor theory and would use the formulas given in [20, Prop. 4.5 and Cor. 4.6]. 
However, having at hand the results of |23j . we did not make explicit such a proof. 

3.3. Proofs. 

Proof of Pro-position |3~1~T1 We regard L x (trivial filtration F P L X = L x for p ^ 
and otherwise) as a polarizable complex Hodge module. We first notice that 
(M,F'M) M L x is a polarizable complex Hodge module on x A^, according to 
[2"2l Th. 3.28]. Using the notation of 31721 and Proposition ll.2.91 M x underlies a po- 
larizable complex Hodge module with filtration F'3Vl x defined by a formula similar 
to (|2.2.ip along 00 x A* . We now define (MC X (M), F' MC X (M)) as the pushforward 
J$f°s + (M X ,F'M X ). By 21, Th. 5.3.1], it is a polarizable complex Hodge module, 
and so, as remarked above, it corresponds to a variation of polarizable complex 
Hodge structure on A 1 \ x. 

Before proving the second statement, let us compute L x * L x > (x,x' 1; 
★ = * m id) as a polarizable complex Hodge module. Assume first that xx' 7^ 1- 

Then the underlying holonomic module is L xx >, according to (|1.2.5[) . On the other 
hand, for t Q ^ 0, L x Cg> L x ^ t „ has a non-trivial monodromy at infinity, where L x >j o 
denotes the Kummer module L x > translated so that its singularities arc at t a and 00, 
so its various extensions (!,*,mid) all coincide, and so do the various L x * L x > as 
complex Hodge modules. The fibre of L x * L x > at t a is H 1 (P 1 , DR(L X ® £ X ',t )min) 
together with its Hodge filtration. Now L x <S> £ X ',t is a unitary rank-one local 
system with singular points 0,i o ,oo and respective monodromies Xt x'Axx') ■ 
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Formula (|2.3.3 *[) gives then (with the notation as in the statement) 
(L X *L X ,,F'{L X *L X ,)) = 



(L xx ,,F-L xx ,)(-l) ifa o +a' o e(0,l), 
(L XX ,,F'L XX ,) iia +a' e(l,2). 



Assume now that xx! — 1- Then L x * L x -i = L\ = So is supported at the origin, 
and we wish to compare the nitrations. The comparison, together with the twist 
by —1, directly follows from the first formula in Theorem 13.2.31 with ot\ + a.% = 1. 

The second statement, which holds in a more general setting, is proved by con- 
sidering the category of complex mixed Hodge modules. As above, we can reduce 
to considering real mixed Hodge modules. Then the framework of [22] allows us 
to apply the arguments of Proposition 11.2.81 by considering this abelian category 
instead of that of holonomic modules, since the functors **L X , *iL x , * m id£ x are 
endo-functors of this category. In all cases we obtain the associativity property in 
this category: (M * m ;d L x ) * m id L x > = M * m ;d (L x * m ;d L x i). For the statement 
when xx' = 1j we use that if a morphism in the category of mixed Hodge modules 
is epi (resp. mono) in the category of holonomic module, it is also epi (resp. mono) 
in the category of mixed Hodge modules. 

Our previous computation of L x * m id L x > concludes the proof. □ 

Proof of of Theorem WT^\ . For t Q E A 1 \ x, the fibre of (MC X (M),F' MC X (M)) 
at t a is equal to i? 1 (P 1 ,DR((M eg) -L Xl t ) m in)) together with its Hodge filtration, 
where £ X) t denotes the Kummer module L x translated so that its singularities are 
at t a and x r+ i. We notice that the variation of polarize complex Hodge structure 
that y ® ^ x .t a underlies has the same characteristic numbers as the one that y 
underlies, except that it has singularities xU{t } instead of a;U{a; r +i}: the assertion 
is clear for the local characteristic numbers, and for the S p, s one uses Proposition 
12.3.21 Then, according to (|2.3.3 *[) . we have 

hP(MC x (M)) = / l ,fff 1 (P 1 ,DR((M«»L x ,tJ min )) 

= h v H x (P\DRM) = hPH 1 (A 1 , DRAf). □ 

Proof of of Theorem I3.1.2l| 2"j) . Recall that the nearby cycle functor is compatible 
with projective push-forward, as follows from [21] Prop. 3.3.17]. Moreover, <fis_ Xi M, x 
is supported at (xi,Xi) E A^ x A^. Therefore, 4> Xi (MC x (M), F' MC X {M)) can be 
computed as <\>-g- Xi ( JVt x , F"M X ) (see Footnote Q] for the notation). We will use the 
analytic topology locally at (xi,Xi) to do this computation, and we will assume 
that Xi = to simplify the notation. Then the result is given by (|3.2.4j) . □ 

Proof of of Theorem I5X2T|5|) . Set j p = 5 P -5 P_1 . ByEXHH)-© and (|2.3.4*|) . we 

get 

r 

h?(MC x (M)) + hP{M) = -Y{M) + K^x(M) + 

r 

h p (MC x (M)) + hP~\M) = -f(MC x (M)) + J2 [C#i( MC x ( M )) 

+ <,i(MC x (M))] 

= -y(mc x (m)) + ( E <>/)+ J2 ACiw)- 

j=i \e(0,i-« o ] oe(i-o„,i)u{o} ' 
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Hence 

7 P (MC X (M)) = 7 P (A/) + h p (M) 

- E - M^l(M)] + ^ K,-i(Af) - ^~»(M); 

»=1 a£(0,l-a„) 

Summing these equalities for p' ^ p gives the desired formula. □ 



4. Examples 

In the following examples (except in Lemma 14.2. 2p , we will consider local sys- 
tems on the punctured Riemann sphere P 1 \ {xi, . . . , X4}. We will set = oo, 
and we will assume that x±,X2,X3 are distinct points at finite distance, so that 
we have here r = 3. A rank-one local system if on P 1 \ {x\, . . . , x<±} will simply 
be denoted by (Ai, A2, A3, A4), where the A^ 's are the local monodromies. For a 
local system of higher rank, we use the following notation for the local monodromy 
matrices: a unipotent Jordan block of length to is denoted J (to), then A J (to) de- 
notes the length-m Jordan block with eigenvalue A (we will use the notation — J(to) 
if A = —1), and AiJ(mi) © A2J(to2) denotes a matrix in Jordan canonical form 
consisting the corresponding two Jordan blocks, etc. Lastly, the identity matrix in 
GL m (C) is denoted l m . 

4.1. A physically rigid G2-local system with minimal Hodge filtration. Set 

ip = exp(27ri/3) G C be the third root of unity in the upper half plane. It follows 
from [7], Theorem 1.3.2, that there exists a physically rigid G2-local system on 
P 1 X2, £3, X4} with the following local monodromy at x%, . . . , £4 (respectively): 

(4.1.1) -1 4 ©1 3 , J(2) © J(3) © J(2), ^J(3)©lffi<pJ(3), 1 7 . 

This local system can be constructed using the following sequence of middle con- 
volutions and tensor products: Set 

J2?„ :=(-!,-?>, -?>,-?>), ^1 := (1,-1, -1,1), JSf a := JSf (-1, 1, -Tp, (p), 
jSf 3 :=(l,-^-V,l), JSf 4 :=(-l,l,-V,^), JSf B := (1,-^,-^,1), 

J% := (-l,l,lp,-<p). 

Then is isomorphic to 

^ 6 ®MG_^(^5®MC_^(^4<8>MC_i(Jf 3 «>MC_i(Jf28)MG_^(Jfi(8>MC_^(ifo))))))- 

(That the local monodromy of §? defined by the formula above is given by (|4. 1 . 1[) 
will be a byproduct of the proof of Theorem 14 .1.21 ) If L, denotes the unitary rank- 
one-variation of complex Hodge structures (trivial filtration) underlying Jzfj (i = 
0, . . . , 6), then one constructs a variation of polarized complex Hodge structures G 
underlying as 

L 6 ®MC_ v (i5®MC^(L4®MC_i( J L 3 «)MC_i( J L2®MC_ v ( J L 1 ®MC_^(Lo))))))). 

We note that his variation is real: indeed, the local monodromies being defined 
over R by the formula above, the local real structures — > Sf come from a unique 
global isomorphism, which is a real structure on Sf. By Proposition 12.4.21 it is 
compatible with the Hodge filtration up to a shift, hence giving rise to a variation 
of real Hodge structures. 
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Theorem 4.1.2. The Hodge data of G are as follows: 



p 


hP 


p 

Mai, -1,0 


p 

^2,1,1 


p 

Mxa.l.O 


p 

rx 3 ,<p,2 


p 




2 


2 


1 














-2 


3 


3 


2 





1 








-2 


4 


2 


1 


1 


1 


1 


1 


-1 



Proof. We will use Formulas (|2.2.12|) (|2.2.14p . Proposition Formula (|2.3.4*|) 
and Theorem 13. 1.21 Let us make explicit the first steps. 
The Hodge data of Jz?o are as follows: 

h = 1; mS^-i.o = f i x 2 ,-Tp,o = mS 3 ,-^,o = 1j <5° = —3 
The degree is computed with the residue formula: The residue at of the canonical 
extension of the connection Vo underlying Jz?o = (—1, — ¥>> ~ Wi — a ^ £i, • • ■ ,24, 
respectively is given by (recall the convention that cti = exp(— 27riai)): 

15 5 5 

ai = -, a 2 = ~, a 3 = -, a 4 = -, 

-3. It follows from Proposition 11.3. lUl that the middle convo- 



so 5° = - £\ a 4 

lution MC_^(Lo) has rank 2 and the following local monodromy at Xi, 22, 2:3, X4 
(respectively): 

Tp@l, <p®\, (f®l, -ip-l 2 . 

By Theorem [3X2^1) and Equation ()2.3.4*|) . the Hodge number ft, of MC_^(L ) 
is 

/i°(MC_p(i )) - S°(L ) - h°(L ) = -(-3) -1 = 2. 
This implies that all other Hodge numbers h p (MC~Tp(Lo)) vanish. Hence, we obtain 
the following local Hodge data yP x . a t for MC_^(io) 

and all other /Lt^. ^'s vanish. By Theorem 13. 1.2( 3). the degree <5° of MC_^(Lo) is 
5° = <5 (L„) + fcO(L) - £ + E ^(-W 2 ^) = -3 + 1 = -2- 

(=1 V a£(0,l/6) ' 

Let us now consider L\ £g> MC_^(Lo)- Its local monodromy is 
^©1, -<p®-l, -<p®-l, -<p-l 2 - 
This implies that the nonvanishing local Hodge data of L\ (g) MC_^(Lo) are 
h° - 2- ii° - n° - n° - ii° - 1 

n — Z, H Xl ,Tp,0 — H-x 2 ,-<p,0 — l I x 2 ,-l,0 ~ P:E3,ip,0 — rx 3 ,-i,o — 1 - 

By Proposition 12.3.21 the only nonvanishing Hodge degree of L\ ® MC_^(Lo) ls 
5 (L! <g> MC_^(Lo)) = 5°(MC_p(i )) - ft°(MC_ ¥ (£ )) 

+ ^ E / i 2 i ,oxp(-2 7 ri / 3) 
i=2,3/3e[-l/2,0) 

= -2 -2+ (1 + 1) = -2. 

It follows from Proposition 1 1 . 3. lUl that MC_ ¥ ,(Li ® MC_^(Lo)) has rank 3 and the 
following local monodromy at xi,X2,X3,X4 (respectively): 

-1©1 2 , Tp®Lp®l, p®ip®l, -Tp-l3- 
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Using Theorem 13. 1-2( 1). we have 

3 

^(MC-^Ii ® MC_^(L ))) = 5° - 5 1 - h 1 + ^04^1 + a4„i) 



»=i 



= -2 -0-0+ (1 + 2 + 2) = 3, 

where we use the convention that the Hodge data on the right hand side are those 
of the convolutant H\ := L\ ® MC_^(Lo)- Consequently, the other local Hodge 
data of MC_^(ffi) are 

Mai, -1,0 = t J, x 2 ,Tp,0 = L Jl x 2 ,ip,0 = Ma: 3 ,E,0 = Mx 3 ,ui,0 = 1" 



By Theorem I3X2T 3). 

^(MG-,(^)) =5 1 + h 1 -J2 Ul t ,i + E /4,e X p(- 27 na) 

*=1 ^ qG(0,1-q ), ao=l/6 

= + 0- (1 + 2 + 2) = -5 

(again, we use the convention that the Hodge data on the right hand side are those 
of i?i). The local monodromy of Hi := Li ® MC_ y (7?i) is 

1©-1 2 , Tp®Lp®\, -<f@-l@-Tp, -1 3 . 

Consequently, the local Hodge data of ZZ2 are 

h = 3; Man, -1,0 = ^> ^x-z.jp.o = f J, x 2 ,(p,o = Mx 3 ,-v3,o = ^3,-1.0 = Mx 3 ,-^,o = 
By Proposition 12.3.21 the only nonvanishing global Hodge number of H2 is (with 
ai = \,a 2 = 0, a 3 = |, 04 = g): 

* 1 (2Ta) = -5 + 3.(-2)+ £ £ <, exp (- 2 . ia ) 

i=l,3,4ae[l-oi i ,l) 

= -11 + (1 + 2 + 3) = -5. 

In the following, we only list the Hodge data for the sheaves involved in the construc- 
tion of H . Each value can be immediately verified from the preceding Hodge data, 
using Proposition 11.3.101 for the local monodromy, Proposition 12.3.21 and Equa- 
tions H2.2.12[H2.2.14jl f° r tne tensor product, and Theorem 13.1.21 for the middle 
convolution. 
MC_i(# 2 ): 

J(2)©J(2), -p®-<p®l 2 , v? + J(2)©^, -1 4 , 
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hP 
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Mai, 1,0 


p 


p 

L i x 2 ,-ipfl 
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-2 



# 3 :=L 3 ®MC_i(fla): 

J(2)0J(2), <£©1©-^1 2 , -^©-</?J(2)< 



-1, -14, 





ft? 




/ i a 3 ,y,0 
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MC_i(ff 3 ): 

-i 2 ei 3 , h® -<f(Bph, V® <^J(2) © J(2), -1 5 , 
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h p 
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A*xi,-1,0 
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^x 3 ,Tp,0 


// p 

rx 3 ,<p,l 


P 

1^x3,1,0 


<5 P 


1 


1 








1 











-1 


2 


3 


2 


1 


1 


1 





1 


-4 


3 


1 














1 





-1 



Hi :=L 4 8MC_i(H 3 ): 

-12 013, 1 2 ©-</?© ^2, -1 © -^J(2) -¥?J(2), -^-1 5 , 
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/i p 
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Mai, -1,0 
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f J, X2,-<p,0 
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L l x 2 ,Tp,0 
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M.C-Tp(H A ): 

1 3 ®^1 3 , J(2) © -tpl 2 © 1 2 , ^©</?J(2)© J (3), -<p-l 6 , 
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/i p 
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A t X2,-l,0 
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t J, X2,-f,0 
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ff 5 :=L 5 ®MC_^(fr 4 ): 

1 3 ©^1 3 , -pJ(2) 1 2 © -^1 2 , -1 © -^J(2) © -<pJ(3), -ip-l 6 , 
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MC_ v (ff 5 ): 

1 4 ©-13, J(3) © J(2) © J(2), <p(B J(3)©pJ(3), -v-h, 
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G := L 6 ®MC- V (H 5 ): 

-l 4 el 3 , J(3) ffi J(2) e J(2), ?J(3)®l®(fJ(3), h, 
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□ 

We remark that the Hodge filtration of G has minimal length among the ir- 
reducible rank-7 local systems with G2-monodromy which underlie a variation of 
polarized real Hodge structures, according to [T^l Ch. IV] (cf. also 15 §9]). 

4.2. An orthogonally rigid G2-local system with maximal Hodge filtra- 
tion. By the classification of orthogonally rigid local systems with G2-monodromy 
given in [5] there exists, up to tensor products with rank-one local systems, a unique 
Z-local system ffi on a 4-punctured sphere P 1 \ {x\, . . . , x^} which is orthogonally 
rigid of rank 7 and which satisfies the following properties (this is the case P3, 6 in 
loc. cit.): 

. The monodromy of ffi is Zariski dense in the exceptional algebraic 
group G 2 . 

• The underlying motive is defined over Q (i.e., we use only convolutions with 
quadratic Kummer sheaves and the tensor operations use motivic sheaves 
defined over Q). 

. The local system ffi does not have indecomposable local monodromy at 
any singular point. 

The construction of ffi is as follows. Start with a rank-one local system «2o on 
A 1 \ {x\, X2, X3} with monodromy tuple (—1, — 1, — 1, —1). Similarly, we define local 
systems of rank one ££\, ^2,-^3 on A 1 \ \x\, x%, £3} given by the monodromy tuples 
(1,1,-1,-1), (-1,1,1,-1), (-1,1, -1,1), respectively. Let -1 : tti(G to (C)) -)• C x 
be the unique quadratic character. Then define ffi as 

ffi = MC_i(if 3 ® MC_i(y 2 ® A 2 (MC_i(^fi <g> Sym 2 (MC_i(^f )))))), 

where A 2 is defined as follows. Notice first that Jzfj (j = 0, . . . , 3) are self-dual 
unitary local systems. According to Remark 13.1.31 and to Corollary 11.4.11 for the 
computation of the rank, MC_i(ifo) is symplectic irreducible variation of Hodge 
structures of rank two, and then Sym 2 (MC_i(«5f )) and _Sfi ® Sym 2 (MC_i(^f )) 
are orthogonal irreducible variation of Hodge structures of rank three (see 
the proof of Theorem 14.2.11 for the argument concerning irreducibility) . Then 
MC_i(jS?i <g> Sym 2 (MC_i(^ ))) is a symplectic irreducible variation of Hodge 
structures of rank four. 

Now, any symplectic irreducible variation of Hodge structures Y of rank four 
having Sp 4 -monodromy has the property that the exterior square A 2 ^) is the 
direct sum of a rank-one variation S (given by the symplectic form) and a varia- 
tion A 2 ^) of rank five (this construction establishes the exceptional isomorphism 
Sp 4 ~ SO5). We will explain below that the local monodromy of A 2 (^) at x$ is 
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maximally unipotent. Since we a priori know that h 2 {Y) is semi-simple, being a 
direct summand of "V <Ei ~f , it is therefore irreducible. 

It is proved in [8] that the local monodromy of at x\, . . . , £4 is given by 

j(2)e J(3)e J(2), i 8 e -J(2) e -J(2), J(2) e -J(3) e J(2), -i 7 , 

respectively. 

If Lq, Li, L2, L3 denote the unitary variation of complex Hodge structures (with 
trivial Hodge filtration F°Lj — Lj, F 1 Lj = 0) underlying «5f , -^1 > -^2 , -5?3 , then 
one obtains a rank-seven variation of polarized complex Hodge structures 

H = MC_i(i 3 ® MC_i(L 2 ® A 2 (MC_i(L! ® Sym 2 (MCU(Lo)))))) 

whose underlying the local system is Jtif. It will be clear from the computation that 
each local system which MC_i is applied to has scalar monodromy — Id at 2:4. 

Theorem 4.2.1. The variation of polarized Hodge structures H has the following 
local and global Hodge data: 
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We will need the following lemma: 

Lemma 4.2.2. Let {E, V, F'E) be the filtered flat bundle underlying a polarizable 
variation of complex Hodge structures on P 1 \ {0,1, 00}. Set x\ — 0, x-i = 1, 
X3 — 00. Assume the following: 

(1) (E, V) irreducible, 

(2) rk£ = 3, 

(3) the monodromy at each singular point maximally unipotent. 

Then the canonically extended Hodge bundles H p have degree S P (E) as follows: 

S 2 (E) = 1, S 1 (E) = 0, 5°(E) = -1. 

Proof. The local data must be as follows (up to a shift of the filtration) because of 
the local monodromy property: 

(1) h p (E) = 1 for p = 0, 1,2 and h p {E) = otherwise, 

(2) for i = 1, 2, fM^iii — 1 an d au other pP x . xl are zero, hence p? x x = y} x . 1 = 1, 
all other (j.^ x are zero, 

(3) i^ 3i i.2 = 1 an( i au other iP. x e are zero, hence ^ 3 . liPrim = 1, all other 
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Wehavedimff^P 1 , = ^ " 2 rkS = °- Therefore, according to (|2.3.3*[> . 
= h'H^P 1 ,^) = S 2 (E) - < 4 , prim (i?) = S 2 (E) - 1 

= h 2 H\¥\j^) = S\E) - 5 2 {E) - h 2 (E) + £ ul + M 2 2jl = S\E) - 5 2 (E) + 1 
= tfH^F 1 , U«) = S°(E) - SHE) - h\E) + ^ + ^ = S\E) - J 1 (25) + 1 
= ftOff^P 1 , j m g) = -5°(E) - h°{E) = -S°(E) -I. □ 

Proof of Theorem 14. 2. 11 From Proposition I1.3.IU1 one derives that MC_i(Lo) is 
a variation of rank 2 whose local monodromy at X\,X2,X3 is indecomposable 
unipotent and is the scalar matrix — 12 at 00. Since h°(Lo) = 1, S°(Lq) = —2 
and jJ^. _ 1 (Lq) = 1 (and all other Hodge data are zero), Formula (12.3.4 *p gives 
h°Mc"i(Lo) = ^MC-iCLo) = 1- 

Recall that, for a variation of polarized Hodge structures (V, F'V, V, k), V <E)V, 
Sym 2 V and A 2 V also underlie such a variation, and 

gr p F (V(g>V)= (gr^FOgr^n 

j+k=p 

gr£(Sym 2 V) = Sym 2 ( (grj. V ® gr* V)) , 
v j+fc=P 7 

g4(A 2 y)=A 2 ( (gri.V®gr|V)). 
We therefore have an identification 

(4.2.3) grP(Sym 2 V)~ (gr^ F ® gr* V), 

j+k=p 

and 

(4.2.4) grP(A 2 T/)~ (grj.V®gr|V). 

j<fe 
i+fc=p 

Hence, the symmetric square Sym 2 (MC_i(Lo)) is a variation of rank 3 whose 
local monodromy at X\, X2,xa is easily seen to be indecomposable unipotent (and 
identity at 00). It is irreducible (a rank-one sub or quotient local system would 
come from a rank-one sub or quotient local system of MC_i(j£fo) by the diago- 
nal embedding, according to the form of the local monodromies). It follows from 
Lemma 14.2.21 (by shifting the singularities 0, 1, 00 to Xi,x%,X3, respectively), that 

tf 2 (Sym 2 (MC_i(L ))) = 1, <5 1 (Sym 2 (MC_ 1 (L ))) = 0, «°(Sym a (MC_i(Lo))) = -1. 

The local Hodge data of L\ ® Sym 2 (MC_i(Lo)) are as follows: 

h° = h 1 = h 2 = 1, ^^ = 1(4=1,2), a4,_ 1i2 = 1, 

and all other ^ A e 's vanish, according to (I2.2.12D - (|2.2.14D . By Proposition 12.3.21 
the Hodge degrees of L\ (g> Sym 2 (MC_i(L )) are 

5 2 = 0, S 1 = -l, 5° = -2. 

Set V = MC_i(Li ® Sym 2 (MC_i(L )). By TheoremEXHl) and (12.3.4 we 
have 

r 

h*>(V) = 6*-' -P-h" + + 

i=i 
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Hence h p (V) = 1 for p = 0, 1, 2, 3. By Proposition 11.3. 101 the local monodromy at 
xi,X2, X3,X4 of V is: 

1 2 ©-J(2), 1 2 0-J(2), J(4), -1 4 . 

By Theorem 13 . 1 . 2f 2 ) . the local Hodge data of V are as follows: For i = 1, 2 we have 
/z 2 .. _ 1 j = 1 and else, so from Remark \2 . 2 . 1 01 we obtain 10 = j = 1, and 
/■4 3 12 = 1 an< ^ e l se - Using Theorem 13.1. 2f 3). one obtains the following global 
Hodge data S p = 5 P {V): 

(4.2.5) <S° = -1, S 1 = -2, 5 2 = -1, S 3 = 0. 

Let us now consider A 2 V , which has rank 5. We will need a specific argument 
to compute its local and global Hodge data. From (|4.2.4I) we obtain isomorphisms 
over P 1 \ {xi, . . . , X4}: 



(4.2.6) gr p F (A 2 (V)) 



P^3, 

(gv J F (V) ® gr* (V)) for { < j < k < 3, 

j + fc = p, 

I (grk^) ® g4W) © (grS-(V) © gr|0O) for p = 3. 



Locally at Xi (i = 1, . . . , 4), let e l Q , . . . , e\ be a basis of the the canonical ex- 
tension V° of V lifting a basis e|,, . . . ,e| of F /^ 1 such that e| induces a basis 
of the rank-one vector space gr F (V° /V 1 ). We will use below the identification 
ipxi,-i{V) = giy 2 (V) instead of giy 1 ^ 2 (V) (this is equivalent, even from the point 



of view of the Hodge filtration, according to the definitions in fl2.2p . Hence, locally, 
we have a basis of A 2 (V)~°° given by (the anti-symmetrization of) 

v\ = e\ l ® e\, v l 2 = e\ ® e|, v\ = e\ © e 2 , v'j = e\ ® e 3 , v\ = e\ <g> e|, V5 = e 2 © e 3 . 

At X3, we can choose e 3 such that tdte 3 = e|_i) which implies the following 
properties (locally at £3): 

. the local monodromy of A 2 (V) is J(5), with basis v§,v\,vf + vf , 2u|, 2vf, 
and the direct summand E of rank one corresponding to the symplectic 
form has basis v' 3 3 — uf , 
. we have A t ^ 3i i i 3(A 2 (V')) = 1 and all other pP x ^ A t vanish, 
. Formula (|4.2.6p extends to a similar formula for the local Hodge bundles 
grP V a (A 2 (V)), 
and then, over P 1 \ {x\ : . . . , X4}, 
. we have E = gr|> E, 
. we have h l (A 2 V) =■■■ = h 5 (A 2 V) = 1. 
Let us now consider the local situation at Xi, i = 1,2. From our computa- 
tion of [£. _ ie (V), we can choose the basis e* so that the nilpotent operator 
(td t — 5) : ijj Xij -i(V) — > ipxi,-i(V) acts as e | i-> e ' m> 0. We also have £<9t(% = 
id t e 3 = 0. Therefore, the corresponding operator (tdt — 5) on j/i,. 4) _i(A 2 (V)) acts 
as v\ 1-4 u| n> and 5Jj 1-) ^ 0. In a similar way one checks that u 3 belongs to 
^(A 2 ^), while w 3 l belongs to T/°(A 2 F). We also note that E = gr 3 F E (seen above) 
is generated by some combination of v\ and u 3 . Moreover, 

. the local monodromy of A 2 (V) is -J(2) © -J(2) © 1, 

. the local Hodge data are: Ma 4 ,-i,i(A 2 (F)) = /4i,-i,i(A 2 00) = 1 and all 
other yP x . A t vanish, 
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. the first line (p ^ 3) of Formula (|4.2.6|) extends locally at Xi as it is to the 
Hodge bundles gr p V° (A 2 (V)) , while the second line extends as 

g4 V°(A 2 (V)) = x-^gr^V ) ® gr 2 F (V°)) © (gr° ® gr F (V )), 

where x is a local coordinate at a^. 
Lastly, at X4, v\, . . . ,Vs form a basis of gi v (A 2 (V)). We conclude that 

. the local monodromy of A 2 {V) is I5, 
. we have p Xi = 0, 

. Formula (|4.2.6[) extends to a similar formula for the local Hodge bundles 
gi p F V 1 (A 2 (V))=xgr F V°(A 2 (V)). 
We can now compute the degree of gr^ V°(A 2 (V)) by using the local shift infor- 
mation comparing this bundle with gr^, gr y (V) ® gr F giy(V). We find: 

gT^ F +k V°(A 2 (V)) = (gr j F (V°)®gT F (V°))(l) if j 3 (shift at x A ), 

gr F V°(A 2 (V)) = ( gr F (V°) ® gr 2 F (V )) (3) © ( gr F (V°) ® gr%(V )) (1) 

(shift at x%, X2, X4). 
Taking now into account (|4.2.5[) we find, for p = 1, . . . , 5 respectively, 

S P (A 2 (V)) = -2,-1,0,-1,0. 

We have S p (A 2 (V)) = S P (A 2 (V)) for p ^ 3. On the other hand, E = gr| E is 
a direct summand of gr|,(A 2 (V)) ~ ff 2 x by the previous degree computation. It 
follows that both E and gr|,(A 2 (l/)) are isomorphic to ff v i and 5 3 (A 2 (V)) = 0. 

We can now continue the computation as in i j4. II in order to obtain the desired 
table. □ 

Let us now specialize the points £1,22,^3 to 0,1,-1 (respectively). Note that 
for each prime number £ there are lisse etale Q^-sheaves and Sfij, i = 0, 1, 2, 3 of 
rank one on A^^^j \{0, 1, —1} = Spec ^Z[|][a;, i, 7^p[]j whose analytifications 
have a Z-form given by i = 0,1,2,3 (respectively). One may construct J>?o,e 
by considering the etale Galois cover g : X — > A^n / 2 i \ {0, 1, —1} defined by the 
equation 

y 2 = x (x - l)(x + 1). 
Denote the automorphism y i-> — y of X by a. Then the sheaf := 
2(1 — a)g*(Zx) has the desired properties. The sheaves Jzfj^ (i = 1,2,3) can 
be constructed in the same way. Define 

M? t = MC_i(JS? a ^ ® MC_i(JS? v © A 2 (MC_ 1 (if 1 ,, © Sym a (MC_i(JS? 0> /)))))), 
where MC_i is as in |14[ Chap. 4 and Chap. 8]. The monodromy representation 
of M't 

pt : 7Ti(A^[ 1 y 2 ] \ {0, 1, -1}) — ► GL 7 (Q<) 
takes values in G 2 (Q^) x Center(GL 7 (Q£)). For any Q-point s of A^m , 2 i \ {0, 1, -1} 
the composition of pi with the map of etale fundamental groups Gq :— Gal(Q/Q) — > 
^i(^[i/2] x — 1}) induced by s by functoriality defines a rank-7 Galois repre- 
sentation 

p\ : Gq — > GL 7 (Qf), 
the specialization of pe at s. A Galois representation Gq — > GL m (Q^) is called 
potentially automorphic if there exists a finite field extension i'T/Q and an auto- 
morphic representation it of GL m (Ax) (Ak denoting the adeles of K) such that 
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the L- functions of p\ and of 7r match (up to finitely many factors) . The following 
result can hence be interpreted as a weak version of Langlands conjectures on the 
automorphy of the Galois representations p\\ 

Theorem 4.2.7. For all but finitely many ^-rational points s o/A^^^j \{0i 1) — 1} 
the specializations p| : Gq — > GL^Q^) are potentially automorphic. 

Proof. It follows from [T3J Th. 5.5.4] that for fixed Q-rational point s, the collec- 
tion of Galois representations (pf)e pr imc is a strictly compatible system of Galois 
representations. By the main result of [5], p\ is irreducible for almost all Q-rational 
points s. It follows hence from Poincare duality that for almost all Q-rational 
points s the system of Galois representations (pf)i prime is a weakly compatible 
system of Galois representations which is irreducible and essentially self-dual in 
the sense of [3]- By the motivic nature of MC X and of tensor products, the sys- 
tem p\ occurs in the cohomology of a smooth projective variety defined over Q 
for almost all s G Q (use equivariant desingularization over the generic point of 
Aqfj / 2 , \ {0, 1, —1} and the arguments from [TJ, Section 2.4). 

Hence, for s fixed, the restricted Galois representations (pflcaifQ /Q«))^ are 'Crys- 
talline at places of good reduction and de Rham elsewhere (this follows from the 
work of Faltings ;9j and is also implied by more general results of Tsuji [25]). These 
Galois representations IcalfQ /CM are Hodge- Tate regular, i.e., the non- vanishing 
Hodge- Tate numbers 

dim^grXp|®i?DR) Gal ^ /fe) 
(where £?dr denotes the usual de Rham ring) are all equal to 1, cf. 3 . It follows 
from the de Rham comparison isomorphism (which is compatible with tensor prod- 
ucts, nitrations, cycle maps and Galois operation (Faltings, loc.cit.)), together with 
the same arguments from [7J Section 3.3] (which imply that pj, as a motive, is the 
kernel of a restriction morphism cut further out by out by an algebraic correspon- 
dence induced by an involutive automorphism on the underlying variety) , and from 
Th. lIXll that 

dim^ gr l (p s e <8 B DR ) Gal (Q*/<M = dimgrp H s < 1. 

Taking the above properties together we conclude by the potential automorphy 
criterion given by [21 Th. 5.3.1]. □ 
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